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About some symmetric inequalities in
power-exponential domain

Arkady M. Alt °

ABSTRACT. Here we will consider several problems related to inequalities of the
form H (z,y) S e, where H (z,y) is symmetric function and z,y are real unequal
positive numbers such that z¥ = y*.

MAIN RESULTS

i. Parametric representation of non trivial (unequal )positive
solution of equation
ot =",

Let
D= {(-’1:7?}) ' T,y (S R+, x 7é Y and :Ey — y.’t}

(obvious that z # 1 and y # 1 ).
Since D is symmetrical then D = Do U D>, where

D<= {(z,y) | z,y € D and = <y}

and
Ds :={(z,y) | z,y € D and = > y}.

1
¢t f (z) := z=,z > 0. Since

F@) =91

2
-
then f (z) strictly increasing on (0, e] and strictly decreasing on [0, 00) with

1

max f (z) = f (e) = ee.

>0
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Therefore, noting that

1
¥ =9° — xi:yy = f(x)=r(),

we can conclude that

(z,y) e D« = z<e<y,

and (z,y) € D = y < e < x. (otherwise if z,y both belong to (0,e) or
(e,00) then, due to monotonicity f (z) equality f (z) = f(y) yields

z = y,that is the contradiction. And in case z = e,since y # e we again
obtain contradiction f (e) = f (y) # f (e)).

Also note that if (z,y) € D< then z > 1.Indeed, since

=4 = g=2lag.Y,
then supposition z < 1 implies 0 < L= log,y < 0, i.e. contradiction.
Hence (z,y) € D« = z € (1,e), y € (e,00) and then

(z,y) e D = z,y € (1,e) U (e,00).
Let t :=log, y — 1.Then

log,y=t+1 <= y =zttt
and
y==zlog,y < y=z(t+1).
Hence y = z!*!, and, therefore,
gl =z@t+1) < 2'=t+1 <=
r=({t+1)t = y=(+1)"¢,
where t > 0 (since 1 < z < y)
Thus

D. = {((t+ 1)% JE+ 1)1+%> |te (0,00)}

is set of all non-trivial solution of equation z¥ = y*, satisfied z < y and, due
to symmetry of H (z,y), we have H (D) = H (D<) (H (D) is range of
H (z,y) for (z,y) € D)
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Since ¢ = log, y — 1 then

(z,y)€eDs = l<y<e<z —>

By < ¢ = logzl—1<logwy—1<logzx—1 — —-1<t<O.

Therefore,
1 141
Dy = t+1)t,t+1)' "t |t e (—1,0)
and
1 141
D=q|(E+1)E,@+1)"t ) [te (=1,00U(0,00) .
Note that
1
limz =1lim(t+1)t =e
t—0 t—0
and

limy = lim (t + 1)1+% =e
t—0 t—0 )

Since z < e < y then z and y approaches to e from left and right respectively.

We also have ,
t

lim z = lim (t+ 1)t =1
t—o0 t—o0
and
: . 141
lim y = lim (t+ 1)t = c0.
t—o00 t—o0

Remark 1. Correspondence

1
t=x(t)=(t+1)7: (0,00) — (1,€)
is one-to-one correspondence, moreover (t) is strictly decreasing on

(0,00) . Indeed, since

t
—  <In(l+t
e LD

for any ¢ > 0
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( —hﬂ1+ﬂ>h— ! o s Al
t+1 G+12 1+8 (4172

t > 0 implies

t
——1n(1+t)<L—ln(1+0)=0

£+ 1 0+ 1
then
1 In(l+¢) 1/ ¢
Inz (t)) = = = e T 1 e £ 0,t > 0.
e~ ) 2 t2(t+1 n('+)>< ’

1
Thus for any = € (1,e) equation z = (t + 1)

t(z) € (0,00) and then

always have unique solutior

y(@) = (¢ (@) + 1)

is function of z, such that

De={(z,y(2)) |z € 1,e)}

Remark 2. Parametrization of D which we obtain above isn’t symmetric
as would be expected given that D is symmetrical. But denoting

Iny+Inx t+2
Sy = —
Iny—Inzx t

we obtain t = and then
0<t i S>21 s>1
—-1<t<0 -1<——<0 s<—1"
s—1
s—1 s+1
s+1)\ 2 o s+1\ 2
T \s-—1 L

Thus,
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and we also have

z(—s)=y(s),y(—s) =xz(s)

for any |s| > 1.

Since
o 1
g2 = (357) 7 = fme 0= jm et =1
and
= 1
i vo=tim ((57) T = pmo@ = et -

then z =1 is vertical asymptote for y (z);

Since
1T
g ()= lm v(-e)= lim yis)= tm ( = 1) o
L it <o
and
s+1
i v() = i v(-9) = i o) = i (317) T
F oy

=g e =D
then y = 1 is horizontal asymptote for y ().

ii. Problems. Problem 1.
. Find inf ’
a). Fin (x’l;}eD,/xy
b). Find inf i
(z,y)eD

—
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c). Find inf (z+1)(y+1).
(z,y)€D

z 1+ y_l ) B

Problem 2. Find sup < 7

(z,y)eD

=

Py P
Problem 3. Find inf (w g > 30 > 0.
(zy)eD 2

Problem 4*. Find inf (z—1)(y—1).
(z,y)eD

Problem 5. Let 0 < o < 3. Find  inf  z%yP.
(I,y)€D<

Solutions.
Problem 1la. For (z,y) € D we have

2
zy =2’ (t+1)=(+1)"e

then
/ 2 i 2 2
(Inzy) = ((1+7)mE+1)) = —5 ) In(t+ 1)+ e e
1 [t(t+2)
== —21 1) ).
t2< T s e ))
We will prove that
t(t+2)
—21
| n(t+1)>0

for any ¢ > 0. Indeed,

(t(::f) —21n(t+1)>,: (t+1—%§i—2ln(t+1))':

1 2 P4+ 2+2-2t—2 %

2 = — >0
t+1)>2 t+1 (E=l1) 1)

Thus, (Inzy)’ > 0 and, therefore, Inzy is increasing on (0, 00) .
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Since zy is increasing on (0,00) then

inf /zy inf ,/:cyztgr&,/x =

(Evy)eD (x9y)€D<
t—0+
Thus, /7y > e, where z,y > 0,z # y and z¥ = y®.
Remark. Sequence variant of correspondent inequality is

14— >e,n € N. For t = — we have
n n

1
VZy=+vz2(t+1)=z/(t+1) = <1+%> +2.

1\"*3
Of course inequality | 1 4+ — > e is immediate consequence from
n

inequality /Ty > e but can be proved directly.
2n+1

e
Since lim (1 + —) then suffice to prove that (1 + —) is
n n

n—o0
decreasing in N i.e. to prove inequality

1 2n+1 1 2n+3
(1 + —) > (1 S <~
n n+1

. (TL + 1) 2n+1 ( n+ ) 2n+3
o + 2 2n+1 2n+3
= (G )

s )m”
where m := 2n + 1.

Using Extended Bernoulli Inequality:

—1
(1+m)"21+nm+z(n2—)x2, neNz>0

we will prove that for any m > 2 holds inequality
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(m—l—l)m (m—l—2>m"“1
— ] >(—= —
m—1 m

m

+1\™ m \"_ m+2
<: —— . _— > ¢—_—>
(m—l) (m+2) m

2 m m
m“+m m+ 2 2 2
<= —~ (1+ ——— >1+ —.
(m2+m—2> = ( +m2+m—2> i

m
Since

m
s St i allin e
m24+m—2

- 2m i 4 ~m(m—1)
(m—=1)(m+2) " (m—-1)2(m+2)? 2

2m £ 2m
(m—1)(m+2) (m —1) (m+2)?

suffice to prove

2m i 2m .
(m=1)(m+2)  (m-1)(m+2?2 m

1 i 1 >m—l

m+2 " (m+2)?" m?
m—+ 3 m—1
7 > 2

(m+2) m

‘We have

=

= (m+3)m? > (m+2)?%(m-1).

(m+3)m2—(m+2)2(m—1):

=m3+3m2—m3—4m2—4m+m2+4m+4=4.

Using (1) twice we obtain

m+1\" w4 2% T m+ 3\ ™12
— ) > | === > f—— .
m—1 m m+1

Thus,

(1
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m+1 m m+3 m+2
——— > —— "
m—1 m+41

Problem 1b. Since *— ¥ > zy and lim : _2+_ Y = ¢ then, due to previous
—
problem,
inf 2 Y = e.
(zy)eD 2
Thus, A >e, wherez,y >0,z # y and z¥ = ¢®.

Remark. Sequence variant of correspondent inequality is

17" 1
e<(1+—> (1+—>,neN.
n 2n

Direct proof. Since

1 1
1\" 1 B Raas ) 1 1\2
- — I+ — > (14— = 1+—>14- —
n 2n n 2n n
1 1 1
1+—4+-—>1+-.
n  4n? n

Problem 1c. Suffice note that

(z4+1)(y+1) > (Voy+1)2
and apply inequality \/Zy > e.

Problem 2. Let
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For (z,y) € D. we have

2zy 2zxy 2y
H — = = =
() z+y (t+2)z t+2
1
20+ )" e
=S =g y
t+2
where
2(t+1)1+% 2t+2 In(t+1)
t):=1 = te (0 .
h(t) == — —m 2 2D ¢ (0,00)
Then
sup H(z,y)= sup H(z,y)= sup e'®
(:E,y)ED ((E,y)ED< tE(0,00)
Note that
1 2 1 2t
M(E)=-=In(t+1 == |—=-In(t+1 0.
() =—gn(t+ )+t(t+2) 2 (t+2 ek ))<

Indeed, since

’

( 28 4y (t+1)> 1 i t?
— — In o — f— e
t+2 t+2)° t+1 (1 42)?

then

2t
2 et
o et Gt

is decreasing on (0,00) and, therefore,

2t ] 2t

Hence, h (t) is decreasing on (0,00) and, therefore,

h(t) < limh (£) = lim <1n2t+2+1n(t“)> i

t—0 t—0 t+ 2 t

+2 . In(t+1) o,
t=0  t+2 +%1_r}r$ t =Urled
yields sup h (t) = 1.
t>0
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Thus, sup H (z,y) = e or, in form of inequality
(zy)eD

=1 =1
<%> <e, wherez,y >0,z # y and z¥ = y°.

Remark. Sequence variant of correspondent inequality is

1 n+1 1 -1
(1+_) (1+_) -
n 2n

1
For t = — we have
n

1
2(”5) " 2wt
+

H = =
(@) on + 1 m@2nt1) ¢
1 n+1 1 -1
(1+ +3) (1+ ) <
n 2n
e 1 1
Problem 3. Since ( &y )p zy and hm ( )p = e then (see
1
P +yP\p

i
o
Problem 1)  inf ( =e, that is (m EiE )p > e.
(z,y)eD 2

Sequence variant is:

Yl
—
_|_
S|
N——
3

+

/N
(=Y
+

S|
N——
£
+
Lt
LS
S
p—
N—

3
N
—
+
7N
N—

]

N——

3|

Problem 4*. For (z,y) € D. we have
E-DE-)=(-1)(zt+1)-1)=
=z(z-1)(t+1)—z+1,
1
where z = (1+1¢)t. Let

Ht)=z(x—-1)(t+1)—2z+1.
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We have
H@)=2z-1)2'(t+1)+22—z—2' =
=2 (2z-1)(t+1)-1)+22—z=
=2 2z(t+1)— (t+2)+22 -2 =

=z(2z(t+1)—(t+2)) (Inz) +2° — 2 =
:x<(2x(t+1)—(t+2)) (ln(1+t))/+x—l) =

:x<(2x(t+1)—(t+2)) (t(ll—l-t) —ln(};t)) +$—1) > 0.

Indeed, since In (1 + t) < t and, by Bernoulli Inequality,

1 1
(1+t)!te >1+(1+Z>t:2+t,

then we have

1 In(1+4+¢ M
(t(1+t) s (t2+ ))+(t+1)t m

1 t 1 1 | 1
>(m*ﬁ)‘i‘(l-f-t)t—1:<m—¥)+(t+l)t_1:

1

1 t+2 {1+ —(t+2)

— 1=+t - B >0
ke 1+t 1+t

1 1 1
= —_-— t)t
1+t+(+)

and

1
28(t+1)—(t+2)=2(1+t) "t —(t+2) >4+ 2% —t—-2=t12>0,

Since, H (t) increasing on (0,00) then
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inf (r—1 —-1) =
S (@ = ) -1)
= inf (z-1 —1)=1limH (t) =€ —1.
LB (@=1) (1) =l H (1)

Thus, (z — 1) (y — 1) > e? — 1, where z,y > 0,z # y and zV = y*.

1
Remark 1. For ¢t = — we have
n

o= () (o2

then sequence variant of correspondent inequality is

(o2 ) (o))

Since
() ) ((o2) ) e
and
((+2) =) ((+2)" 1) om
then
<<1+ i—)n— 1) <<1+ %)nﬂ ~ 1) > (e —1)?

Remark 2. Since

I 1 In(1+¢)
50 \ ¢ (1 + 1) 2

(t—(1+t)ln(1+t))=

t2(1+1)

853

_
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t—(1+1¢) (t—§+o(t2))

= 2 T
T
t—t+— —t24 =
t—0 t2 2
then
. / o]
sl
lima ( (2 (t+1)— (¢ +2) (0 _ 2A+DY
=N €T — — — =
t—0 t(1+1t) £

=e((2e—2)-<—%>+e—l) =0.

Remark 3. Let z € (1,e) then obtained inequality can be rewritten as

—1)2
T — y(x)—1) > (e — :}yx>e )+1.
1 1 1) (a:—1
—1)2
Let g (z) := (fz:—l) + 1. Since
(e=1)° (e—1)°
= R IS 1 =
g(z) P Tt o +1l=e
then y(z) > g(z) > e yields
e, 1
y (2)¥C) < g(2)9@ .
From the other hand we have
y(x) ! %

y(@)* =z < y(x)v@ =z°.

Hence

=

1

2% < g(2)9@) =
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€T —

= (%__—11)2—1-1) Inx <z <(€;__11)2 +1) ]

1
Problem 5. Since for (z,y) € D< we have z = (1 +t)t and
1
y=(1+1t)""% then

(e=1)? —1)2 B
<— ¢ z—1 +1< <(e 11) +1> <=

wl)—‘

o
t

a atB
ey = (1+1) (1—|—t)3+%=(1+t) 28 _ <(1+t) iﬂ) .

Since a < 8 then
p B 1

> =

a+pB -~ B+B 2

and, therefore,

l 1 a+p
x"yBZ((1+t)t z) S oot

1

(because (1+1t)t i3 is increasing on (0,00) (see solution to Problem 1) and
i
hm (141)tT2 =e). Also we have
a+f

lim 2%y? = hm(l +8) ¢ TP =P,

t—0
Thus,

inf « yﬂ = e**h,
(z,y)eD<
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